
T H E R M A L  S T A T E  O F  D Y N A M I C  C A L O R I M E T E R S  

G. N. D u l ' n e v  and N. V.  P t l l p e n k o  UDC 536.662 

It  is established here  how the thermal  state of a ca lo r imete r  affects the accuracy  of 
power measuremen t s .  A mathematical  model of a dynamic ca lo r ime te r  is proposed 
and its thermal  state is analyzed.  

In [1-3] the authors  have proposed a method and descr ibed a new device,  a dynamic b toca lor imeter ,  
for measur ing  thermal  fluxes var iable  in t ime which are  generated by energy sources  of a diverse  nature 
such as ,  for example,  biological sources .  

The thermophysica l  model is shown in Fig. 1: it consis ts  of a chamber  1, a shell 3, and an inaula- 
t!on 4. A closed thin in ter layer  of a i r  2 separa tes  the shell f rom the chamber .  

I t  will be assumed that the power of the source  P ( r )  inside the chamber  can va ry  with t ime according 
to any law. The energy generated by the source passes  through the chamber  walls and heats them up, 
whereupon it en ters  the shell and r a i se s  its tempera ture .  

F u r t h e r m o r e ,  the ca lo r imete r  may be exposed to var ious  fo rms  of extraneous thermal  noise such as ,  
for example,  variat ions in the ambient tempera ture  ta(r)  around it, or  a thermal  flux q(r)  appearing at the 
outer  surface  of the device.  Extraneous thermal  noise may be regarded  as a second cause of variat ions in 
the t h e r m a l s t a t e  of the shell and, consequently, of the entire device. 

As has been shown in [1], the following equation re la tes  the power P(T) of an energy source  to the 
thermal  state of the chamber  and the shell:  

1 9 ( x ) :  1 dtch ~ 1 - -  (1) m ~  d.+ ,~ [ t~ (+ ) - t+h(+) ] ,  , ~  = _k&__h e = t 
" Cob ' k s ~ "  

Inasmuch as extraneous noise has been accounted for in Eq. (1), this noise should not affect the r e -  
sults of measu remen t s  of power P generated by the source.  Consequently, any noise level is theoret ical ly 
permiss ib le .  The e r r o r  in the power measu remen t  is different,  however,  at different noise levels and de-  
pends on the noise charac te r i s t i c s .  In o rder  to demonstra te  the validity of this s tatement ,  we derive a 
formula  for  calculating the e r r o r  in a power measurement .  It  will be assumed,  moreove r ,  that sys temat ic  
e r r o r s  have been ei ther  el iminated o r  taken into account by corresponding cor rec t ion  t e rms ,  and that r a n -  
dom e r r o r s  a re  distr ibuted normal ly .  F r o m  Eq. (1) and according to [4] we then have (see Appendix): 

AP = , / a -l- bX 2 + cY" 
p | /  (X Y)" ' ( 2 )  

/7 
x = t~h(T) - -  t s h ( + ) ,  Y - , 

m 

Aichl:-Atc~ ...... t 2 , 2 [ >,F ,~a 
a A ch:- Atsh, b : 

m ~ ( ,~ _ r , ~  " - - T -  J ' 

, . ,+: 
c - -  (x+ - -  r t )+ --; - - - F - -  ' r + - -  t 1 

Am 1 , A/ch-- At~lx i . . . .  . . . . .  
m = I (In-Q) ~ (tch-- tsh) 2 (tch-- tsh) z ]4 (x, - -  xa)' 
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Fig.  1. T h e r m o p h y s i c a l m o d -  
e l ' o f  the dynamic  c a l o r i m e t e r .  

/ /  Arch+ A!~h 
F \ P ]c + j . . . .  I (teh-- tsh) ~ ic' 

Q =  (tch-: lsh)a 

(tch- t h 

P a r a m e t e r s  a,  b, c a r e  only weakly dependent on the t h e r m a l  s ta te  
of the chamber  and shel l  so that ,  to the f i r s t  approx imat ion ,  they may  
be cons ide red  constant .  A var ia t ion  in the e r r o r  A P / P  during a tes t  
is then r e l a t ed  only to the va r i a t ion  in quant i t ies  X and Y, i .e . ,  to the 
va r i a t ion  in the t h e r m a l  s ta te  of the chamber  and the shell .  The e r r o r  
as  a function of the t h e r m a l  s ta te  is  shown in Fig. 2, based  on Eq. (2) 
for  one of the c a l o r i m e t e r s  desc r ibed  in [1, 7]. 

According  to Eq. (2), the e r r o r  A P / P  b e c o m e s  infinite as  
X/Y- (-i) 

AP 
lira = co. 

xlw- i  p 

A change of X f r o m  0 to 1 (Fig. 2) a t  Y = - - 2 , f o r e x a m p l e ,  causes  the e r r o r  to i nc r ea se  f rom 3.5 to 
7.0%, but A P / P  = ~o when X = 2. The e r r o r  depends a lso  on the accu racy  c l a s s  of the m e a s u r i n g  i n s t ru -  
men t s .  The min imum e r r o r  ~ . P / P  = 1.4% in Fig.  2 c o r r e s p o n d s  to ins t rument s  of c l a s s  1.0 accuracy .  I t  
can be shown, with the aid of Eq. (2), that  ins t ruments  of c l a s s  0.5 a c c u r a c y  will r educe  the e r r o r  in power  
m e a s u r e m e n t s  to A P / P  = 0.8%. 

Thus ,  an ana lys i s  of Eq. (2) conf i rms  that  the e r r o r  in power  m e a s u r e m e n t s  depends on the c a l o r i m -  
e t e r  design p a r a m e t e r s  m and F,  on the a c c u r a c y  c l a s s  of the in s t rumen t s ,  and on the t h e r m a l  s ta te  of 
both chambe r  and shell .  

We now p roceed  to analyze  the t h e r m a l  field of the c a l o r i m e t e r .  Le t  us impose  he re  the following 
cons t ra in t s :  (a) the t h e r m a l  flux q is un i formly  d is t r ibuted  over  the insulat ion su r face  and (b) the insulat ion 
m a y  be r e g a r d e d  as  a f lat  wal l .  

Le t  us then formula te  the law of ene rgy  conserva t ion  for  the va r ious  c a l o r i m e t e r  components ,  The 
ene rgy  Pdl- coming f rom the source  dur ing the t ime d r  both changes the enthalpy of the chamber  Cchdtch 
and p a s s e s  on through the gap to the shell k S s h ( t c h - t s h ) d v  , i.e.~ 

dtch (3) 

The ene rgy  k S c h ( t c h - t s h ) d r ,  which has pas sed  through the gap, both ehanges the enthalpy of the shell  
Cshdtsh and p a s s e s  on to the insulat ion ( -  Ai(Oti /8x)  Ix= 0Ssh), i .e . ,  

kScgtch_ tsh, ~ = Cs h dtsh_ Z~ O t i .  Ssh. (4) 
dT Ox ~x=o 

The t e m p e r a t u r e  field of the insulat ion is desc r ibed  by the F o u r i e r  equation, wh iehbecomes  here  

O! i O~t i 
== a l O~ Ox" 

by vi r tue  of assumpt ion  (b). 
as  follows: 

(5) 

The boundary condition at the outer  su r face  of the insulat ion will be wr i t ten  

Oti ~ -I 
~'i Ox-x = = ~z(ti qh~:=~--q(r)" (6) 

The condition 
t i x=0-- tsh (7) 

m u s t  be sa t i s f ied  a t  the boundary between shell  and insulation. With initial conditions added to Eqs. (3)- 
(7), we have now a m a t h e m a t i c a l  model of the c a l o r i m e t e r .  Solving this s y s t e m  of equations for  va r ious  
f o r m s  of functions P ( r ) ,  q(v) ,  and t o ( r ) ,  one can  find the re la t ions  X(T) = t c h - T s h  and II(v) = dtch/d1" 
de te rmin ing  the t he rm a l  s ta te  of the c a l o r i m e t e r ,  Such a solution of Eqs.  (3)-(7) is f raught  with se r ious  
ma thema t i ca l  dif f icul t ies ,  however ,  and for  the purpose  of design calcula t ions ,  the re fo re ,  we will s impl i fy  
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Error AP/P as a fimction of the thermal state of the 
calorimeter. 

the t h e r m o p h y s i c a l  and thus a l so  the m a t h e m a t i c a l  mode l  of th is  c a l o r i m e t e r .  F i r s t  of  a l l ,  we wil l  a s s u m e  
that  v a r i a t i o n s  in the  a m b i e n t  t e m p e r a t u r e  cons t i tu te  the only s o u r c e  of e x t r a n e o u s  no i se  and  tha t  t he r e  is  
no t h e r m a l  f lux q on the ou t s ide .  We then  mod i fy  the m o d e l  as  fo l lows:  the t h e r m a l  c a p a c i t y  of the i n s u l a -  
t ion  C i wi l l  be  r e f e r r e d  to the t h e r m a l  c a p a c i t y  of  the she l l  Csh  and the t h e r m a l  r e s i s t a n c e  of the insu la t ion  
R i wil l  be  added  to i t s  ou t e r  t h e r m a l  r e s i s t a n c e  Re = (~Si) -I , n a m e l y  

C=.C l -'-C~a. R = R !  i-Re. (8) 

T h u s ,  we have  r e p l a c e d  a s y s t e m  of four  m e d i a  ( c h a m b e r - g a p - s h e l l - i n s u l a t i o n )  by  a s y s t e m  of  t h r e e  
m e d i a  ( c h a m b e r - g a p - e f f e c t i v e  shel l )  whose  t e m p e r a t u r e  f ield is  d e s c r i b e d  by t h e  fol lowing equa t ions :  

dteh (9a) 
P :~ Cch--~ -i- 6~ (/oh-- tsh), cr~ = kSch 

Ot (tch-- tsh) = C dtshdx " -R-1 (tsh - ta ). (9b) 

From Eq. (9a) we obtain 

Cch dtch 
tsh-= teh- !- o~ dx 

Substituting for teh its value f rom (10) into Eq. (9b), we have now 

d"-teh . 
dx ~ - 

P 

(I I 

(1o) 

. . . . .  d dt----s--h + gtch--- [(x) -- gt a (~). (11) 
dx 

The  no ta t ion  h e r e  is  a s  fo l lows:  
Och 

d = n~h + ,nct[l -'r ~), g = m e h  msh, meh= Co---- ~ , 

,_[ dp ] 
f ( ' )  = Ceh l dx + ( m ' h ' - ' ~ m e h ) P _ '  msh = --'C-' 

con I 

The  so lu t ion  to Eq.  (11) fo r  ~2 = d2 4g > 0 is  [5, 6] 

feb(X) = A l e - m :  -'r A~ e-m'~ ~.. 2 T (u-,) e s h  ~ (x - -  u) du, 

r 

m, = 0.5 (d--b l,), m 2 = O. 5 ( d - - )Q ,  ~, = V-[rash 7F (1 q- 1~)inch] 2 --4inch rash, 

(u) = f + g t  a . 

(12) 
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Fig.  3. Thermal  state (X, Y) and e r r o r  f = & P / P  as func-  
t ions of  t ime:  (a) during periodic var ia t ions  in the ambient 
t empera tu re  (A = 2if'K, T = 1 h), (b) af ter  thermal  shock 

! 
(,3 a = 10~ 

If function qo(u) is given, then Eqso (10) and (12) yield relat ions X(r)  and Y(v) = I I /mch :  In other  
words ,  when the power P ( r )  and the ambient tempera ture  ta( r )  a re  known functions of t ime, then the 
thermal  state of the device can be determined.  

We will next derive express ions  descr ib ing the thermal  state of the device in two m o s t  pract ical  
ca ses ,  namely under a per iodical ly  vary ing  ambient  t empera ture  and under a so-ca l led  thermal  shock. 
We will also assume that the power of the source  inside the chamber  remains  constant. 

1. When the ambient  t empera ture  var ies  periodical ly 

~a = t a  - - ( t a ) 0 = A c ~ 1 7 6  o)=2~/T 

then Eqs.  (10) and (12) yield for  a t ime long  after  the f i rs t  instant 

X = PRch + t m2 m, , 

A [-~z cos tg~ sin (o)~ - -  13~) - -  ~ cos lg2 sin ((o~ - -  lg~).] 
y__. m~ 

)J + m h-- ' 

Rch=OC-~, lgl=: arctg ~o , 13. z - - a r c t g ~ .  
/Tl 1 mg 

2. Now we consider  a thermal  shock. Let the ambient t empera ture  ~a  remain  equal to zero  during 
the t ime interval  0 -< T _< T t .  At some instant of t ime ~" = ~'l the ambient t empera ture  changes suddenly 

! 
to ~a.  The ca lo r ime te r  then undergoes a thermal  shock. This can be expressed  analytically as follows: 

0, 0..< ~-.< �9 1 , 

% = "~a.' ~>~'h" 

(13) 
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At any instant  of  t ime  the t h e r m a l  s ta te  of  the device can be desc r ibed  by the following expres s ions :  at a 
t ime  0 -< r < T i 

'~ ~, ml~ ( e--'n*T -- nh e-m,T ) 

X (T) = PR r. a + %h k 2 (rrh - -  rrh) (~ + %10 ' 
$. dT 

[ m~a [e_m,Tm.ze-m,~)  rash e - - / - sh  L ] 
Y (x) = PR~. (rn~-- m2) (a + Och) k m " k - -~ x . 

He re  RE= (a + ach) /aach .  A t a t i m e  r_> r t 

[ ] n h ~  ' e-'''(~-T', 

a ('-'~0 sh ~ ( ' r - - 'h ) ,  
X 2 

Y (x)-- ml- -  m 
d 

X [e_m.(/_rt} ml e_mdl_rl)] t n , ~ = r , e  ..... (T--Tt) + 2tnsh (pRx_~_~a,e 2 (r-r.) . . . . .  ' sh ~--- (*--*~). 
m,, mch k 2 " 

The dynamic c a l o r i m e t e r  desc r ibed  in [7] had been developed at  the T h e r m o p h y s i c s  Depar tmen t  of 
the Inst i tute  of P r e c i s i o n  Mechanics  and Optics in Leningrad  for  the study of heat  t r a n s f e r  in warm-b looded  
an ima l s ,  the r e su l t s  of design calcula t ions  a r e  shown in Fig. 3a, b. Knowing the t he rma l  s ta te  has  also 
made it poss ib le  to s e l ec t  the p a r a m e t e r s  of the chambe r ,  the shel l ,  and the insulation for  holding the e r -  
roe  A P / P  in power  m e a s u r e m e n t s  within p r e s c r i b e d  l imi ts .  

In conclusion,  we note that  the re la t ions  der ived  he re  a r e  val id genera l ly  and can be used  for ca lcu -  
lat ing the t h e r m a l  s ta te  of va r ious  devices  to which the model in Fig. 1 appl ies .  

A P P E N D I X  

Equation (2) can be der ived as follows. We know" [4] that  the m e a n - s q u a r e d  e r r o r  AP in a power  

m e a s u r e m e n t  is 

= A(tch- tsh} ~, (14) 1/:, , , .  o f ; . , ,  or 

where A = 1 / m F ,  B = l / F ,  11 = d teh /d r ,  and ~ c t i o n . f  is given m the form (1): 

P = y(A, B, /7, tch-tsh}. 

Dividing both s ides  of (14).by P f rom (1) yie lds  an expres s ion  for the m e a n - s q u a r e d  e r r o r  A P / P .  I t  
then becomes  n e c e s s a r y  to ca lcula te  all  the de r iva t ives  in (14). The re la t ive  e r r o r s  ~L,n/m and A F / F  he re  

a r e  found by t r a n s f o r m i n g  the fo rmulas  

In (tch-- tsh)s - -  In (tch-- tsh}, F = [ t-cJ~ - tsh 
m : ,  , \ p ] "  

"~4 --  TI 

A proof of these two formulas is given in [7]. Algebraic transformations then yield formula (2). 

p is the 
is the 

Cch is the 
Sch is the 
Csh is the 
Ssh is  the 
k is the 
tch is the 
tsh  is the 

N O T A T I O N  

power  genera ted  by a s ou rce ,  W; 
t ime ,  sec ;  
t h e rm a l  capaci ty  of the chamber ,  J / ~  
a r e a  of the outer  su r face  of the chambe r ,  m2; 
t h e r m a l  capaci ty  of the shel l ,  J / ~  
a r e a  of the outer  su r face  of the shel l ,  m 2 
coeff icient  of heat  t r a n s m i s s i o n  through the gap f rom the c h a m b e r  to the shel l ,  W / m  e �9 ~ 

cham be r  t e m p e r a t u r e ,  ~ 
shell  t e m p e r a t u r e ,  ~ 
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t i 
ta 
hi 
ai 
x 

~t 

q( r )  
X , Y  
H = d t c h / d r  
Ri 

ach  
G 

C 
A I , A2 
A 

T 

Jch = tch-to 
~sh = tsh-to 
~a  = t a - t 0  
f= ~PIP 
Atch,i, Atsh,i, A r i  

(~P/P)c 

is the insulat ion t e m p e r a t u r e ,  ~ 
is the ambien t  t e m p e r a t u r e ,  ~ 
is the t he rm a l  conductivity of the insulation,  W / m  "~ 
is the t he rm a l  diffusivity of the insulation, m 2 / s e c ;  
is the space  coordln~te,  m;  
is the coeff icient  of heat  t r a n s f e r  at  the in ter face  between the insulation and the 
ambien t  medium,  W / m  s �9 ~ 
is the t he rm a l  flux densi ty ,  W/m2;  
a r e  the p a r a m e t e r s  which c h a r a c t e r i z e  the t he rma l  s ta te  of a device ,  ~ 
is the r a t e  of change of the chambe r  t e m p e r a t u r e ,  ~  
is the t he rm a l  r e s i s t ance  of the insulation,  ~  
is the t he rm a l  conductance f rom chamber  to shel l ,  W/~  
is the t he rm a l  conductance f rom chamber  to shell  with the insulat ion taken into a c -  
count,  W/~  
is the total  t he rm a l  capaci ty  of shell  and insulation, J / ~  
a r e  the in tegrat ion cons tants ,  ~ 
is the ampli tude of f luctuations of the ambient  t e m p e r a t u r e ,  ~ 
m the per iod  of f luctuations of the ambien t  t e m p e r a t u r e ,  sec ;  
is the total  t he rma l  r e s i s t a n c e  f rom the chamber  to the ambien t  med ium,  ~  
is the superhea t  of the chamber  above i ts  initial t e m p e r a t u r e  t 0, ~ 
~s the superhea t  of the shell  above its initial t e m p e r a t u r e  t 0, ~ 
,s the superhea t  of the ambient  medium above its initial t e m p e r a t u r e  t 0, ~ 
is the e r r o r  in a power m e a s u r e m e n t ,  %; 
a r e  the absolute  e r r o r s  in t e m p e r a t u r e  and t ime  m e a s u r e m e n t s  (i = 1, 2, 3, 4, c), 
~ and sec r e spec t ive ly ;  
is the e r r o r  in the power  ca l ibra t ion ,  %. 

S u b s c r i p t s  

1,2 denote t e m p e r a t u r e s  during m e a s u r e m e n t ;  
3 denotes  t e m p e r a t u r e  in the s teady mode;  
4 denotes  t e m p e r a t u r e  in the t r ans ien t  mode; 
c denotes  t e m p e r a t u r e  dur ing cal ibrat ion.  
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